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Quantum hydrodynamic (QHD) model of charged spin-1/2 particles contains physical quantities
defined for all particles of a species including particles with spin-up and with spin-down. Different
population of states with different spin direction is included in the spin density (magnetization).
In this paper we derive a QHD model, which separately describes spin-up electrons and spin-down
electrons. Hence we consider electrons with different projection of spin on the preferable direction
as two different species of particles. We show that numbers of particles with different spin direction
do not conserve. Hence the continuity equations contain sources of particles. These sources are
caused by the interactions of spins with magnetic field. Terms of similar nature arise in the Euler
equation. We have that z-projection of the spin density is no longer an independent variable. It is
proportional to difference between concentrations of electrons with spin-up and electrons with spin-
down. In terms of new model we consider propagation of waves in magnetized plasmas of degenerate
electrons and motionless ions. We show that new form of QHD equations gives all solutions obtained
from traditional form of QHD equations with no distinguish of spin-up and spin-down states. But
it also reveals a sound-like solution we call the spin-electron acoustic wave. Coincidence of most
solutions is expected since we started derivation with the same basic equation.
PACS numbers: 52.30.Ex
Keywords: quantum plasmas, quantum hydrodynamics
I. INTRODUCTION
Considering quantum plasmas of spinning particles we
apply equations of the quantum hydrodynamics (QHD)
or the quantum kinetics. Different methods of derivation
of QHD equations were presented in Refs. [1], [2], [3],
[4], they have also been applied to quantum plasmas of
spinning particles [4], [5], [6]. These equations contain
the particle concentration n(r, t), the momentum den-
sity j(r, t), the velocity field v(r, t), the distribution func-
tion f(r,p, t) describing all particles of a species indepen-
dently of their spin direction. Difference between num-
bers of particles in different spin states is included in the
spin density S(r, t) or magnetization M(r, t) = γS(r, t),
where γ is the gyromagnetic ratio. These models do not
contain explicit distinguish between spin-up and spin-
down states of particles.
Basic equations of many-particle quantum hydrody-
namic of spin-1/2 particles were developed in 2000-2001
in Refs. [5], [6] and [7]. Further development of the
method can be found in Refs. [8], [9], [10], [11], [12]
and [13]. It includes explicit consideration of the spin-
current [8] and spin-orbit [10] interactions. Derivation
of the energy evolution equation [1], [6], [8] and the spin
current (magnetization flux) evolution equation [11] were
performed. The exchange interaction was considered in
Refs. [1], [7], [12]. The QHD model for particles with
electric dipole moment was developed in [13]. All these
developments were performed in terms of one method:
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method of many-particle quantum hydrodynamics sug-
gested in Refs. [1], [6]. Comprehensive analysis of quan-
tum hydrodynamic equation for a single spin-1/2 particle
in an external field had been performed by Takabayasi
[14]-[20] during 50s of the twentieth century.
In the single fluid model of electrons with different
spins the dynamic of spins is governed by the general-
ization of Bloch equation [14]
n(∂t + v∇)µ− h¯
2mγ
∂β[nµ, ∂βµ] =
2γ
h¯
n[µ,B], (1)
where µ is the reduced magnetization M(r, t) = nµ,
[a,b] is the vector product of vectors a and b. The first
groups of terms in the left-hand side of equation (1) are
the substantial derivative of the reduced magnetization.
The second terms are the quantum Bohm potential for
the Bloch equation. In the right-hand side of equation
(1) we have the torque caused by the interaction with the
external magnetic field and the interparticle interactions.
In two fluid model z-projection of magnetization Mz is
no longer an independent variable. It is proportional to
difference of concentrations with spin up and spin-down.
Other projections of the magnetization Mx and My ap-
pear in two fluid model as independent variables, but
they do not wear indexes ”up” or ”down” being related
to both species of electrons. It happens because defini-
tions of Mx and My contain wave functions of spin-up
and spin-down electrons.
Due to development of the field of quantum plasma
[21], [22], it is interesting to derive a set of QHD equations
of degenerate electrons considering two different spin
states (spin-up and spin-down) as two different species
of particles. In this paper we perform derivation of QHD
2equation explicitly distinguishing spin-up and spin-down
states.
Different linear and non-linear excitations were con-
sidered in quantum plasmas [21], [22]. In this paper we
also focus our attention on linear excitations in magne-
tized quantum plasmas of degenerate electrons and mo-
tionless ions in terms of new form of the QHD model.
Basic linear phenomenon in spin-1/2 quantum plasmas
were considered in Refs. [9], [10], [23], [24], [25], [26],
where contribution of spin in the dispersion of plasma
waves was found and existence of spin-plasma waves was
demonstrated. Electrons were considered as single fluid
in these papers. We are going to find out that changes
ay application of spin separated QHD.
This paper is organized as follows. In Sec. II we de-
rive the QHD model considering spin-up electrons and
spin-down electrons as different species. In Sec. III we
consider propagation of waves parallel to external field
as an illustration of derived equations. This problem has
been solved in literature in term of usual QHD. We com-
pare results of two different methods of fluidizations of
the Pauli equation. In Sec. IV brief summary of obtained
results is presented.
II. MODEL
In this section we are going to derive the set of QHD
equations for degenerate electrons considering spin-up
and spin-down states as two different species. This
derivation can be performed in terms of many-particle
quantum hydrodynamics [5]-[13]. However, for simplic-
ity of presentation, we consider the Pauli equation for a
single particle in an external electromagnetic field follow-
ing papers of Takabayasi [14]-[20]. We should also notice
that the set of basic QHD equations for charged spinning
particles considered in the self-consistent field approxi-
mation almost coincide with the single particle one [27].
This coincidence has been actively used over last decade
(see for instance [22], [23], [24], [27]).
Thus we start with the Pauli equation
ıh¯∂tψ =
(
( h¯ı∇− qec A)2
2m
+ qeϕ− γeσ̂B
)
ψ (2)
governing evolution of spinor wave function ψ(r, t). In
equation (2) ϕ = ϕext, A = Aext are the scalar and
vector potentials of external electromagnetic fields, B =
Bext is the external magnetic field, qe = −e is the charge
of electron, m is the mass of the particle under consid-
eration, γe is the gyromagnetic ratio, ∇ is the gradient
operator, σ is the vector of Pauli matrixes, h¯ is the re-
duced Planck constant, c is the speed of light.
Let us present the explicit form of the Pauli matrixes
σ̂x =
(
0 1
1 0
)
, σ̂y =
(
0 −ı
ı 0
)
, σ̂z =
(
1 0
0 −1
)
.
(3)
The commutation relation for spin-1/2 matrixes is
[σ̂α, σ̂β ] = 2ıεαβγσ̂γ . (4)
ρ = ψ+ψ is the probability density to find the particle
in a point r regardless its spin, where ψ+ is the hermitian
conjugated wave function.
The spinor wave function ψ can be presented as
ψ =
(
ψ↑
ψ↓
)
. (5)
Applying wave functions describing spin-up ψ↑ and spin-
down ψ↓ states we can write probability density to find
the particle in a point r with spin-up ρ↑ =| ψ↑ |2 or spin-
down ρ↓ =| ψ↓ |2. We also see ρ = ρ↑ + ρ↓. Directions
up ↑ (down ↓) corresponds to spins having same (oppo-
site) direction as (to) the external magnetic field. While
magnetic moments have opposite to spin directions.
In many-particle systems we have concentration of par-
ticles n(r, t), which are proportional to the probability
density to find each particle in the point r, hence we have
n↑ = 〈ρ↑〉 and n↓ = 〈ρ↓〉. Full concentration of particles
in the sum of the particle concentrations with spin-up
and spin-down n = n↑ + n↓. The spin density Sz of
electrons is the difference between concentrations of elec-
trons with different projection of spin Sz = n↑ − n↓. Its
definition is Sz = ψ
+σzψ. We have that the z-projection
of the spin density Sz is not an independent variable in
this representation of the quantum hydrodynamics.
We can derive equations for ρ↑, and ρ↓. They are anal-
ogous to the continuity equations, but number of parti-
cles with different spin projection (or corresponding prob-
ability for a single particle) are not constants.
Let us rewrite the Pauli equation (2) in more explicit
form
ıh¯∂tψ↑ =
(
( h¯ı∇− qec A)2
2m
+ qeϕ
− γeBz
)
ψ↑ − γe(Bx − ıBy)ψ↓, (6)
and
ıh¯∂tψ↓ =
(
( h¯ı∇− qec A)2
2m
+ qeϕ
+ γeBz
)
ψ↓ − γe(Bx + ıBy)ψ↑. (7)
Directions spin-up and spin-down are related to a prefer-
able direction in space. If we have an uniform external
magnetic field its direction can be taken as preferable di-
rection. In this case only z-projection of the magnetic
field Bz enters the Pauli equation for a single particle
in the external magnetic field. However we going to ap-
ply corresponding QHD equations for plasma description,
3where motion of charges and spin evolution createBx and
By.
Considering time evolution of the probability densities
ρ↑ and ρ↓ we derive the continuity equations
∂tn↑ +∇(n↑v↑) = γ
h¯
(BySx −BxSy), (8)
and
∂tn↓ +∇(n↓v↓) = γ
h¯
(BxSy −BySx), (9)
where we have applied Sx and Sy for mixed combina-
tions of ψ↑ and ψ↓. Their explicit form is presented and
discussed below.
Usually the continuity equation shows conservation of
the particle number. If we consider the spin-up electrons
and the spin-down electrons separately, we find that par-
ticle numbers change due to interaction. The total num-
ber of electrons N = N↑ +N↓ conserves only.
Particle current appears in the continuity equation in
usual form js =
1
2m (ψ
∗
sDψs + c.c.), where s =↑ or ↓, and
D = p̂ − qemA. We have introduced the velocity fields
vs via the particle currents js ≡ nsvs, with the following
explicit form of the velocities vs =
h¯
m∇φs − qemcA. Here
we have applied the phase of wave function ψs = ase
ıφs .
Considering time evolution of the particle currents for
each projection of spin j↑ and j↓ we can derive corre-
sponding Euler equations
mn↑(∂t + v↑∇)v↑ +∇p↑ − h¯
2
4m
n↑∇
(
△n↑
n↑
− (∇n↑)
2
2n2↑
)
= qen↑
(
E+
1
c
[v↑,B]
)
+ γen↑∇Bz
+
γe
2
(Sx∇Bx + Sy∇By) + mγe
h¯
(J(M)xBy − J(M)yBx),
(10)
and
mn↓(∂t + v↓∇)v↓ +∇p↓ − h¯
2
4m
n↓∇
(
△n↓
n↓
− (∇n↓)
2
2n2↓
)
= qen↓
(
E+
1
c
[v↓,B]
)
− γen↓∇Bz
+
γe
2
(Sx∇Bx + Sy∇By) + mγe
h¯
(J(M)yBx − J(M)xBy),
(11)
with
J(M)x =
1
2
(v↑ + v↓)Sx − h¯
4m
(∇n↑
n↑
+
∇n↓
n↓
)
Sy, (12)
and
J(M)y =
1
2
(v↑ + v↓)Sy +
h¯
4m
(∇n↑
n↑
+
∇n↓
n↓
)
Sx, (13)
where qe = −e, γe = −g eh¯2mc is the gyromagnetic ratio
for electrons, and g = 1 + α/(2pi) = 1.00116, where α =
1/137 is the fine structure constant, gets into account
the anomalous magnetic moment of electron. J(M)x and
J(M)y are elements of the spin current tensor J
αβ .
Most of terms in the Euler equations (10) and (11)
have traditional meaning. The first group of terms in
the left-hand side of Euler equations are the substantial
time derivatives of velocity fields v↑ and v↓. The second
terms are the gradients of the thermal pressure. They
do not appear from the single-particle Pauli equation,
but we have included it assuming that the many-particle
QHD gives this effect [1], [6], [8]. The next group of
terms, proportional to the square of the Plank constant,
are the contributions of the quantum Bohm potential.
The right-hand sides of Euler equations present inter-
action force fields. The first groups of terms in the right-
hand side are the Lorentz forces. Since we consider two
species of electrons these forces have same structure, with
no explicit dependence on the spin direction. The im-
plicit dependence is presented via subindexes of the con-
centration and velocity field. The second terms describe
action of the z-projection of magnetic field on the mag-
netic moments (spins) of particles. Dependence on spin
projection reveals in different signs before these terms.
The third groups of terms in Euler equations contain a
the part of well-known force field FS =M
β∇Bβ describ-
ing action of the magnetic field on magnetic moments
[5], [14]. Part of this force field has been presented by
previous terms FS(z) = ±γen↑,↓∇Bz . The second part
of the force field FS(x,y) = γe(Sx∇Bx + Sy∇By). The
half of this force field enters each of the Euler equations.
The last groups of terms is related to nonconservation
of particle number with different spin-projection. This
nonconservation gives extra mechanism for change of the
momentum density revealing in the extra force fields.
Here we describe explicit form of spin density pro-
jections on x and y axes. We have used notations Sx
and Sy in equations (8)-(11). These quantities appear
as follows Sx = ψ
∗σxψ = ψ
∗
↓ψ↑ + ψ
∗
↑ψ↓ = 2a↑a↓ cos∆φ,
Sy = ψ
∗σyψ = ı(ψ
∗
↓ψ↑ − ψ∗↑ψ↓) = −2a↑a↓ sin∆φ, where
∆φ = φ↑ − φ↓. Sx and Sy appear as mixed combina-
tions of ψ↑ and ψ↓. These quantities do not related to
different species of electrons having different spin direc-
tion. Sx and Sy describe simultaneous evolution of both
species.
Sx and Sy are involved in equations (8)-(11). We need
to derive equations for these quantities to get closed set
of QHD equations. Differentiating explicit forms of Sx
and Sy and applying the Pauli equation (6) and (7) for
the time derivatives of the wave functions ψ↑ and ψ↓ we
obtain the following equations
∂tSx +
1
2
∇[Sx(v↑ + v↓)]
4− h¯
4m
∇
(
Sy
(∇n↑
n↑
−∇n↓
n↓
))
=
2γe
h¯
(
BzSy−By(n↑−n↓)
)
,
(14)
and
∂tSy +
1
2
∇[Sy(v↑ + v↓)]
+
h¯
4m
∇
(
Sx
(∇n↑
n↑
−∇n↓
n↓
))
=
2γe
h¯
(
Bx(n↑−n↓)−BzSx
)
.
(15)
The first term in equation (14) (equation (15)) is the time
derivative of Sx (Sy). The second terms in these equa-
tions are gradients of the spin fluxes. The third terms are
quantum Bohm potential revealing the quantum part of
the gradients of the spin fluxes. The right-hand side of
equations (14) and (15) contains the torque caused by in-
teraction of magnetic moments with the magnetic field.
The right-hand side of these equations corresponds to
traditional form. For instance let us consider the torque
in equation for Sx, which is Tx =
2γe
h¯ (SyBz − SzBy) =
2γe
h¯ (SyBz − (n↑ − n↓)By), that coincides with the right-
hand side of equation (14).
Let us mention that Sx and Sy do not wear subindexes
↑ and ↓. As we can see from definitions of Sx and Sy they
are related to both projections spin-up ψ↑ and spin-down
ψ↓.
Electromagnetic fields in the QHD equations presented
above obey the Maxwell equations
∇E = 4pi
(
eni − ene↑ − ene↓
)
, (16)
∇B = 0, (17)
∇×E = −1
c
∂tB, (18)
and
∇×B = 1
c
∂tE
+
4pi
c
∑
a=e,i
(qana↑va↑+qana↓va↓)+4pi
∑
a=e,i
∇×Ma, (19)
where Ma = {γaSax, γaSay, γa(na↑−na↓)} is the magne-
tization of electrons in terms of hydrodynamic variables.
A. Equation of state
We need to get a closed set of equations, so we should
use an equation of state for the pressure for spin-up p↑
and spin-down p↓ electrons. We consider degenerate elec-
trons. Hence, in non-relativistic case, we have
ps =
(6pi2)2/3
5
h¯2
m
n5/3s . (20)
From this equation of state we find ∂ps∂ns =
(6pi2)2/3
3
h¯2
m n
2/3
s
giving contribution in the Euler equation via ∇ps =
∂ps
∂ns
∇ns. Here we see that equations of state for spin-up
electrons and spin-down electrons are different due to ex-
ternal magnetic field, which changes an equilibrium con-
centration of each species n0↑ 6= n0↓. We have included
that only one particle with a chosen spin direction can
occupy one quantum state. As a consequence we have
(6pi2)2/3 instead of (3pi2)2/3 appearing in the Fermi pres-
sure. At derivation of the Fermi pressure one assumes
that two particles with different spin directions could oc-
cupy a quantum state, but we now consider spin-up and
spin-down electrons as different species.
We show below that difference between p↑ and p↓ due
to difference of n↑ and n↓ leads to new effects in quantum
plasmas. One of these effects is appearance of new wave,
which we call the spin-electron acoustic wave.
Interactions of magnetosonic waves in a spin-1/2 de-
generate quantum plasmas have been recently considered
in Ref. [28] in terms of quantum magnetohydrodynamics.
Let us mention that the magnetohydrodynamics is very
useful tool, where electron-ion plasmas are considered as
a single liquid. Whereas we move in opposite direction
developing many-liquid model for electrons. In Ref. [29]
the quantum magnetohydrodynamics was applied as well.
Considering quantum spin 1/2 plasmas researchers
usually apply equation of state for unpolarized electrons
punpol =
(3pi2)
2
3
5
h¯2
m
n
5
3 , (21)
see Refs. [30]-[35].
In papers [36], [37] authors use other equations of state,
but they give no change in the problem under consider-
ation.
In Ref. [38] author presented an attempt to consider
”two-fluid model of electrons is being used which treats
the spin-up and -down populations relative to the mag-
netic field as different species”, which appears to be in-
complete. Moreover equation of state for unpolarized
single liquid electrons was used there.
III. PERTURBATION EVOLUTION
Interest to spin contribution in properties of plasmas
was appeared [5] since many-particle quantum hydrody-
namics of spin-1/2 particles had been derived in 2000 [5],
[39]. Since when a lot of results have been obtained (see
review papers [21], [22], [40]), but we should especially
mention Refs. [9], [10], [25], [26], where some interest-
ing effects were found in the linear regime of small per-
turbations in magnetized plasmas. It was shown that
5spin evolution leads to existence of new wave solution.
There are two type of spin excitations in quantum plas-
mas propagating by means perturbations of the electric
field [25], [26], and by means perturbations of the mag-
netic field with no electric field involve in it (the quasi-
magnetostatic regime) [9], [10], [25].
Some recent researches reveal new linear wave solu-
tions. Most of them are related to spin evolution [10],
[25], [26]. And a longitudinal solution, which is called
the positron sound wave, was found in Ref. [41]. In
this section we present new longitudinal wave in degen-
erate electrons moving on background of motionless ions,
which we call the spin-electron acoustic wave.
Here we consider propagation of waves parallel to ex-
ternal field. It includes consideration of spin-plasma
waves propagating by means perturbations of the elec-
tric field [25], [26].
Equilibrium condition is described by the non-zero con-
centrations n0↑, n0↓, n0 = n0↑ + n0↓, and external mag-
netic field Bext = B0ez. Other quantities equal to zero
v0↑ = v0↓ = 0, E0 = 0, S0x = S0y = 0. Assuming that
perturbations are monochromatic
δn↑
δn↓
δv↑
δv↓
δE
δB
δSx
δSy

=

NA↑
NA↓
VA↑
VA↓
EA
BA
SAx
SAy

e−ıωt+ıkr, (22)
we get a set of linear algebraic equations relatively to
NA↑, NA↓, VA↑, VA↓, EA, BA, SAx, and SAy. Condi-
tion of existence of nonzero solutions for amplitudes of
perturbations gives us a dispersion equation.
Difference of spin-up and spin-down concentrations of
electrons ∆n = n0↑ − n0↓ is caused by external mag-
netic field. Since electrons are negative their spins get
preferable direction opposite to the external magnetic
field ∆nn0 = tanh
(
γeB0
Te
)
= − tanh
(
|γe|B0
Te
)
. Here, as
always we consider temperature in units of energy, so we
do not write the Boltzmann constant.
We consider plasmas in the uniform constant external
magnetic field. We see that in linear approach numbers
of electrons of each species conserves.
After some straightforward calculations we find the fol-
lowing dispersion equations for the longitudinal
1− ω
2
Le↑
ω2 − u2↑k2
− ω
2
Le↓
ω2 − u2↓k2
= 0, (23)
and the transverse
k2c2 − ω2 + ω2Le
ω
ω± | Ω |
− 4piγk2c2 2γ
h¯
n0↑ − n0↓
ω ± g | Ω | = 0, (24)
waves, where
ω2Le(s) =
4pie2n0s
m
(25)
is the Langmuir frequency for species s =↑, ↓ of electrons,
ω2Le = ω
2
Le,↑+ω
2
Le,↓ is the full Langmuir frequency, u
2
s =
22/3
3 v
2
Fe +
h¯2k2
4m2 .
Keeping in mind that n0 = n0↑ + n0↓ and Mez =
γe(ne0↑ − ne0↓) = χeB0, where χe is the ratio between
equilibrium magnetic susceptibility and magnetic perme-
ability of electrons, we find no crucial difference between
equation (24) and results of usual QHD applied in Refs.
[10], [25], [26]. However a great difference appears for
longitudinal waves presented by equation (23).
Let us mention that two different signs in formula (24)
correspond to left- and right-circular polarized waves.
Now we focus our attention on equation (23). If equi-
librium concentrations approximately equal n0↑ ≈ n0↓,
what is possible in small magnetic field, equation (23)
gives spectrum of the Langmuir waves
ω2 = ω2Le +
1
3
v2Fek
2 +
h¯2k4
4m2
, (26)
where vFe = (3pi
2n0)
1/3h¯/m is the Fermi velocity. It has
the well-known structure.
If we can not neglect difference between n0↑ and n0↓,
which increases with increasing of external magnetic field
we have the following dispersion equation
ω4 − ω2[(u2↑ + u2↓)k2 + ω2Le↑ + ω2Le↓]
+ (u2↑ω
2
Le↓ + u
2
↓ω
2
Le↑)k
2 + u2↑u
2
↓k
4 = 0 (27)
General solution of the dispersion equation for the lon-
gitudinal waves appears as a couple of solutions
ω2 =
1
2
[(u2↑ + u
2
↓)k
2 + ω2Le↑ + ω
2
Le↓]
6±
√
(u2↑ − u2↓)2k4 + (ω2Le↑ + ω2Le↓)2 + 2(u2↑ − u2↓)(ω2Le↑ − ω2Le↓)k2. (28)
We now describe some limit cases of these formulas.
As the first step we consider limit of small mag-
netic fields and, consequently, we have small, but non-
neglectable, difference between n0↑ and n0↓. In this limit
we obtain
ω2+ = ω
2
Le +
1
2
(u2↑ + u
2
↓)k
2
+ (u2↑ − u2↓)k2
(u2↑ − u2↓)k2 + 2(ω2Le↑ − ω2Le↓)
4(ω2Le↑ + ω
2
Le↓)
, (29)
and
ω2− =
1
2
(u2↑ + u
2
↓)k
2
− (u2↑ − u2↓)k2
(u2↑ − u2↓)k2 + 2(ω2Le↑ − ω2Le↓)
4(ω2Le↑ + ω
2
Le↓)
. (30)
ω− presents a sound-like solution existing in electron gas
due to different equilibrium distribution of spin-up and
spin-down electrons.
Formula (29) presents the Langmuir wave dispersion.
However the coefficient in front of k2 has more compli-
cate form instead of the usual contribution of the Fermi
pressure 13v
2
Fe. Equilibrium distribution of spinning par-
ticles being in the external magnetic field differs from the
distribution in absence of the magnetic field. This differ-
ence reveals in more complicated form of the equation of
state. Suitable equation of state can be applied even in
the single fluid model of electron motion [39]
psf =
1
2
[
(6pi2)
2
3
5
h¯2
m
(
n(av) +
∆n
2
) 5
3
+
(6pi2)
2
3
5
h¯2
m
(
n(av) −
∆n
2
) 5
3
]
(31)
However this effect was not included in Refs. [10], [23],
[24], [25], [26], [31]-[34] at consideration of spectrum of
magnetized plasmas of spinning particles. Now we con-
sider spin-up and spin-down electrons separately having
different equations of state for each of them. Hence it
hard to miss this effect. So let us describe its contribu-
tion in spectrum of the Langmuir waves.
In small external magnetic field we can make expansion
of n↑ and n↓ in series on small deviation of spin-up and
spin-down concentrations from the average one n(av) ≡
n0/2, with n↑ = n(av) − ∆n/2 and n↓ = n(av) + ∆n/2.
Thus we have more explicit form of solutions
ω2+ = ω
2
Le +
1
3
v2Fek
2
[
1− 1
9
(
∆n
n0
)2]
+
h¯2k2
4m2
+
(
∆n
n0
)2
v2Fek
2
9ω2Le
(
1
9
v2Fek
2 + ω2Le
)
, (32)
and
ω2− =
1
3
v2Fek
2
[
1− 1
9
(
∆n
n0
)2]
+
h¯2k2
4m2
−
(
∆n
n0
)2
v2Fek
2
9ω2Le
(
1
9
v2Fek
2 + ω2Le
)
. (33)
In this limit the external magnetic field gives an extra
term in the Langmuir wave dispersion dependence.
For the first step on the path of estimations we consider
n0 = 10
22 cm−3, k ∼ 107 cm−1, ∆n/n0 ∼ 10−2. In this
case we can simplify formulas (32) and (33)
ω2+ = ω
2
Le +
1
3
v2Fek
2
[
1 +
2
9
(
∆n
n0
)2]
, (34)
and
ω2− =
1
3
v2Fek
2
[
1 +
4
9
(
∆n
n0
)2]
. (35)
At parameters under consideration we find that the shift
of the Fermi pressure prevails the quantum Bohm poten-
tial. We see that dependence of dispersion on ∆n/n0 is
quadratic at small magnetization.
Let us mention that in absence of spin we do not have
dependence of the frequency on the magnetic field for
the Langmuir waves propagating parallel to the external
magnetic field.
Spins are highly polarized at large external magnetic
fields. In this limit we can neglect concentration of spin-
up electrons and consider n0 ≈ n↓, so all spins are an-
tiparallel to the external magnetic field. Getting into ac-
count small amount of spin-up particles we introduce the
following variables n↓ = n0 − δ, n↑ = δ, ∆n = n0 − 2δ,
δ ≪ n↓, δ ≪ n0, δ ≪ ∆n. In this limit the general
dispersion dependence (28) simplifies to
ω2+ = ω
2
Le +
1
3
22/3v2Fek
2
(
1− 2
3
δ
n0
)
+
h¯2k2
4m2
− ω2Le
δ
n0
1
32
2/3v2Fek
2
ω2Le +
1
32
2/3v2Fek
2
, (36)
and
ω2− =
1
3
22/3v2Fe
(
δ
n0
)2/3
k2
7+ ω2Le
δ
n0
1
32
2/3v2Fek
2
ω2Le +
1
32
2/3v2Fek
2
. (37)
If we neglect ∆n/n0 in formula (36) (ω
2
+ = ω
2
Le +
3
√
2 13v
2
Fek
2+ h¯
2k4
4m2 ) we find the increase of the Fermi pres-
sure contribution in 3
√
2 times in compare with the Fermi
pressure of unpolarized systems usually applied in liter-
ature [10], [23], [24], [25], [26], [31].
Formulas (36) and (37) are obtained for the large mag-
netization. Formula (36) shows linear dependence of ω2+
on ∆n/n0. Spin-electron acoustic wave dispersion ω
2
−(k)
has two terms with different dependence on ∆n/n0. One
of them has linear dependence and another one propor-
tional to (∆n/n0)
2
3 .
The spin-electron acoustic wave is a long-frequency so-
lution. Consequently its properties might be affected by
ion motion. This problem will be considered during fur-
ther development and application of the spin separated
QHD model developed in this paper.
Now we move to description of equation (24). The first
two terms in equation (24) describe propagation of the
light in vacuum. The third term presents contribution of
medium of charged particles moving in the external mag-
netic field. The last term presents medium of spinning
particles. The last term exists even for neutral particles.
Each of the last two terms increase degree of the disper-
sion equation on one in compare with the mediumless
case. Simultaneous account of these two terms increase
degree of the dispersion equation on two due to differ-
ence of denominators of these terms. Difference of de-
nominators caused by the anomalous magnetic moment
of electrons. If we neglect the anomalous magnetic mo-
ment of electrons we find that account of the electron spin
does not change degree of dispersion equation. It gives
contribution in coefficients of the equation only. Corre-
sponding spin-plasma waves are described in Refs. [10]
and [26]. The quantum Bohm potential in the spin evo-
lution equation [14] (see also the second term in equation
(1) of this paper) of the single fluid QHD model of elec-
trons gives shift of the cyclotron frequency of magnetic
moment rotation. Thus it leads to appearance of spin-
plasma wave along with the along with the anomalous
part of the magnetic moment [42], [43] (see also [44]).
IV. CONCLUSIONS
We have derived QHD equations for charged spin-1/2
particles considering evolution of electrons with spin-up
and spin-down separately. These equations appear as a
generalization of usual quantum hydrodynamics, where
physical quantities appear via contribution of all parti-
cles together, with spin-up and spin-down. This gener-
alization reveals in existence of new wave solution and
possibility to find more new solutions.
We have studied propagation of waves parallel to exter-
nal magnetic field. We have found contribution of mag-
netic field in the Langmuir wave dispersion via difference
of occupation of spin-up and spin-down states. We have
considered limits of small and large magnetic field, which
reveals in small and large spin polarization ∆n/n0 and
contribution of ∆n/n0 in dispersion dependence. Sim-
ilarly we have described new solution. It appears as a
sound-like solution, which we call spin-electron acoustic
wave. We have a general form of this solution and con-
sidered its limits for small and large magnetization.
Acknowledgments
The author thanks Professor L. S. Kuz’menkov for
fruitful discussions.
[1] L. S. Kuz’menkov and S. G. Maksimov, Teor. i Mat. Fiz.,
118 287 (1999) [Theoretical and Mathematical Physics
118 227 (1999)].
[2] F. Haas, G. Manfredi, M. Feix, Phys. Rev. E 62,
2763(2000).
[3] G. Manfredi and F. Haas, Phys. Rev. B 64, 075316
(2001).
[4] T. Koide, Phys. Rev. C 87, 034902 (2013).
[5] L. S. Kuz’menkov, S. G. Maksimov, and V. V. Fedoseev,
Russian Phys. Jour. 43, 718 (2000).
[6] L. S. Kuz’menkov, S. G. Maksimov, and V. V. Fedoseev,
Theor. Math. Fiz. 126 136 (2001) [Theoretical and Math-
ematical Physics, 126 110 (2001)].
[7] L. S. Kuz’menkov, S. G. Maksimov, and V. V. Fedoseev,
Theor. Math. Fiz. 126 258 (2001) [Theoretical and Math-
ematical Physics, 126 212 (2001)].
[8] P. A. Andreev and L. S. Kuz’menkov, Russian Phys.
Jour. 50, 1251 (2007).
[9] P. A. Andreev, L. S. Kuz’menkov, Physics of Atomic Nu-
clei 71, N.10, 1724 (2008).
[10] P. A. Andreev, L. S. Kuz’menkov, Int. J. Mod. Phys. B
26 1250186 (2012).
[11] P. A. Andreev, L. S. Kuzmenkov, arXiv:1210.1090.
[12] P. A. Andreev, arXiv:1403.6075.
[13] P. A. Andreev, L. S. Kuzmenkov, M. I. Trukhanova,
Phys. Rev. B 84, 245401 (2011).
[14] T. Takabayasi, Prog. Theor. Phys. 14, 283 (1955).
[15] T. Takabayasi, Prog. Theor. Phys. 12, 810 (1954).
[16] T. Takabayasi, Prog. Theor. Phys. 13, 222 (1955).
[17] T. Takabayasi, Phys. Rev. 102, 297 (1956).
[18] T. Takabayasi, Nuovo Cimento 3, 233 (1956).
[19] T. Takabayasi, Prog. Theor. Phys. Suppl. 4, 2 (1957).
[20] T. Takabayasi, Prog. Theor. Phys. 70, 1 (1983).
[21] P. K. Shukla, B. Eliasson, Phys. Usp. 53, 51 (2010).
[22] P. K. Shukla, B. Eliasson, Rev. Mod. Phys. 83, 885
(2011).
[23] M. Marklund and G. Brodin, Phys. Rev. Lett. 98, 025001
(2007).
8[24] G. Brodin and M. Marklund, New J. Phys, 9, 277 (2007).
[25] P. A. Andreev, L.S. Kuz’menkov, Moscow University
Physics Bulletin 62, N.5, 271 (2007).
[26] A. P. Misra, G. Brodin, M. Marklund and P. K. Shukla,
J. Plasma Physics 76, 857 (2010).
[27] S. Rand, Phys. Fluids 7, 64 (1964).
[28] Sheng-Chang Li and Jiu-Ning Han, Phys. Plasmas 21,
032105 (2014).
[29] Vitaly Bychkov, Mikhail Modestov, and Mattias Mark-
lund, Phys. Plasmas 17, 112107 (2010).
[30] L. Landau and E. M. Lifshitz, Statistical Physics (Perg-
amon, New York, 1980), p. 167.
[31] A. Mushtaq, R. Maroof, Zulfiaqr Ahmad, and A. Qamar,
Phys. Plasmas 19, 052101 (2012).
[32] A. Mushtaq, and S. V. Vladimirov, Eur. Phys. J. D 64,
419 (2011).
[33] F. A. Asenjo, Phys. Lett. A 376, 2496 (2012).
[34] W. Masood, H. Rizvi, and M. Siddiq Phys. Plasmas 18,
102316 (2011).
[35] A. Mushtaq, and S. V. Vladimirov, Phys. Plasmas 17,
102310 (2010).
[36] M. Shahid and G. Murtaza, Phys. Plasmas 20, 082124
(2013).
[37] Prerana Sharma and R. K. Chhajlani, Phys. Plasmas 21,
032101 (2014).
[38] Mubashar Iqbal, J. Plasma Physics, 79, 19 (2013).
[39] L. S. Kuz’menkov, S. G. Maksimov, and V. V. Fedoseev,
Vestn. Mosk. Univ., Ser. 3: Fiz., Astron., No. 5, 3 (2000)
[Moscow Univ. Phys. Bull., No. 5, 1 (2000)].
[40] D. A. Uzdensky and S. Rightley, Reports on Progress in
Physics, 77, Issue 3, 036902 (2014).
[41] N. L. Tsintsadze, L. N. Tsintsadze, A. Hussain, and G.
Murtaza, Eur. Phys. J. D 64, 447 (2011).
[42] P. A. Andreev, F. A. Asenjo, and S. M. Mahajan, arXiv:
1304.5780.
[43] M. I. Trukhanova, Prog. Theor. Exp. Phys., 111I01
(2013).
[44] P. A. Andreev, arXiv:1404.4899.
